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In several earlier papers [5 - 71, we have explored the connections 
between the spectrum of Schrddinger operators and the logarithmic Sobolev 
inequality of Gross [3], showing in the process the existence of a wide 
variety of logarithmic Sobolev inequalities, and studying the behavior of the 
best constants occurring therein. An easy consequence was the proof of 
sharp hypercontractive estimates for diffusion on the circle, also shown by 
Weissler [9]. The mere existence of hypercontractive estimates appears to 
follow from more general considerations [2,8,9], but sharp estimates seem 
more delicate. 
In this paper we will give estimates for hypercontractive properties of the 
diffusion semigroup on compact oriented Riemannian manifolds, all by way 
of detailed study, as in our earlier papers, of logarithmic Sobolev inequalities 
on the same class of manifolds. While not quite sharp, the estimates depend 
in a simple way on the determination of the best constants in the various 
logarithmic Sobolev inequalities. 
We continue the notation of our previous papers, with some additional 
provisos as now noted. 0 is a compact oriented Riemannian manifold, of 
dimension n > 2. We suppose the total volume of Q is one, which is always 
easily arranged by scaling the metric. H is a non-negative function on Q for 
which K = In HE L”‘*+, and a,(H) is the intimum, for f E Hh, j f2 = 1 of 
J” [P]Vj’]‘--f21nf2+fZK], where p is a fixed positive real number. (The 
use of H, rather than K = in H is dictated purely by our own historical 
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conventions.) The infimum is always attained, though not uniquely, and f, 
denotes a minimizer. f, is a weak solution of pdf + f In f * - fK + 
a,(H)f = 0, which may always be taken as non-negative, and if H is 
bounded above, will be strictly positive. 
We have shown previously that a,(H) is monotonically non-decreasingly 
convergent o j K as p tends to infinity, and also f, converges, as p -+ co, 
strongly in HA to the constant function one. 
a,( 1) will be denoted by up. In order to exhibit the dependence of up on 
the manifold R, we introduce the notation ~,[a]. We will make a detailed 
study of a0 in Section 2. As it turns out, a0 is the constant 0 for p >p,, and 
the number p0 determines the hypercontractive properties of the diffusion 
semigroup on a. 
SECTION 1 
First we assumble some tidying-up results, many of which hold for non- 
compact 0 as well, and some of which are included for their general interest, 
rather than their immediate utility. 
LEMMA. a,(H) is a continuous function of p > 0. 
Since a,(H) is an attained minimum, the result is obvious. 
LEMMA. %Pl X&l =qml +a,[fq. 
An argument due to Faris [ 1 ] shows immediately that Q, [Q, X LJ2 ] > 
~,[a,] + a,[Q2]. The reverse inequality follows by inserting, in the integral 
extended over R, X R, which is to be minimized, the function which is the 
product of a minimizer for a,[R, ] by a minmizer for a$2,]. 
(Note: The same proof shows the validity of the result above without the 
normalization to unity of the volume of the Riemannian manifolds.) 
LEMMA. If p bounded away from zero, say, p > r > 0, then f,, a non- 
negative minimizer for a,(H), is uniformly bounded above. 
Pick an E, 0 < E < $, such that K E LVJ(2-2r). Let G( . , . ) be the Green 
function for 0. For any a < n/(n - 2), G( . , . ) E L” as a function of the 
second variable, and the L” norm is bounded as a function of the first 
variable. We will take a = n/(n - 2 + E), dual exponent /I = n/(2 - E). 
For notational simplification, let y be a non-negative minimizer for a,(H), 
and M=sup y. Let y,=s y. Since J”y’= 1, y,,<l. Also a,(H)< 
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a,(H) < I K. In the following sequence of estimates we will use generic c for 
any constant which does not depend on p. We have: 
Y-yo=/‘GL .)AY 
=f[G(., a)[ YK - 2~ In Y - a,(H) ~1 y2 
so 
where we have used Holder’s inequality to get uniform boundedness of 
SY 2J(2-F) IK15, and the fact that / y In yl is bounded by l/e for 0 ,< y < 1 to 
treat the second of the three summands. Since y,, < 1, we obtain y < 1 + 
’ C/P + (C/P)M - *‘h In M, whence M < I + c/p + c/p + (c/p) M’ -k/n In M, an 
inequality which obviously requires that it4 be bounded above, if p stays 
uniformly away from zero. 
THEOREM. With the same notation as in the previous lemma, f, 
converges pointwise uniformly to the constant function one as p -+ 00. 
With f, all uniformly bounded above, the use of Green’s function as in the 
last gives If, - j f,l < c/p. Since f, converges strongly in HA to the constant 
function one, if, converges to one, whence the result follows. 
This should be compared with the result in the next section studying the 
case Hr 1. 
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SECTION 2 
Now we investigate the behavior of a,(H) and f, in the case H = 1; i.e., 
K = 0. We have much more than convergence of the &. to the constant 
function one. Here and in the sequel, A is the first non-trlvlal eigenvalue of 
the Laplacian, and 0 an associated normalized eigenfunction. 
LEMMA. There exists p0 > 0, such that a,, = 0 for p >p,,, and aP < Ofir 
P <PO. 
Let y be a non-negative minimizer for aP. y satisfies pAy + 2y In y + 
a0 y = 0. Multiplying by dy and integrating by parts, we obtain 
p !’ (Ay)’ = 2 1 (1 + ln Y>/ VYI* + a0 1. 4,‘. 
Since Ay has mean value zero, and a, is obviously GO, we have 
PA (IVYI* < 2 1. (1 + In Y)IVYI*. 
Let A4 be the sup of y. Then 
pAj IVyI’< 2(1 + 1nM) ( IVyI*, 
so if Vy f 0, In M > p1/2 - 1. Since we know from the previous section that 
f, is uniformly bounded above, we must ultimately have Vf, = 0; i.e., 
a0 = 0. Since a0 is continuous in p, and as we noted before always GO, the 
existence of p. is clear. 
For reasons which will be clear presently we call p. the hypercontractive 
constant for a. 
LEMMA. p. > 2/l. If some eigenfunction 0 belonging to the eigenvalue L 
satisfies I e3 # 0, then p. > 2/k 
a,, is the infimum for y E HA, y f 0, of expressions 
Put y = 1 + ~0 ; we do suppose j 13~ = 1. The zeroth and first order terms in 
E vanish. The second order term is @A - 2) E*, the third order is -213~~ ( 03. 
Hence if pl < 2, a0 < 0, while if p2 = 2 and I o3 & 0, we still have a, < 0. 
We will give several other characterizations of po. 
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THEOREM. l/p,, = inf J‘ 1 Vy]*/J” y* In y*, where the @mum is taken over 
yEH~suchthat~y*=landy&l. 
(Notice that by Jensen’s inequality for the convex function x In 
x, j y* In y2 > j y* In J” y* = 0, with equality if and only if y = 1 (a.e.), so the 
denominator is not zero.) 
For the proof, it is convenient o rewrite the infimum in a form taking 
account of ( y*. It is 
s IVY I2 
lnf J y* In y2 - i y* ln J‘ y* ’ 
now taken over y E 29: with y not a constant function. Let the intimum be 7. 
For any p > p,, , we have 
since aP = 0, whence 7 < l/p,. 
For p ( pO, let f, be a minimizer for ap. By its definition I fz = 1, and 
also 
since a0 < 0 and ( ft In f E > 0. Hence r > l/pO, and the proof is completed. 
The next two results supply our justification for calling p0 the hypercon- 
tractive constant. Here ]/A ]]g,P denotes the norm of an operator A from L4 to 
L”. 
THEOREM. Zf 1 ( q (p ( co and t > @,/4) In (p - l/q - l), then 
II et’ IL G 1. 
The proof is an immediate consequence of [3, Theorems 1 and 61. (See 
also [IO].) Furthermore 
THEOREM. Zf for ail p, 2 <p < 00, we have )IetAl/2,P < 1 whenever 
t>@P)ln(p-11, thenp>p,. 
The proof is also an immediate consequence of [3, Theorem 21. 
For the next few results, we recall a special case of a theorem appearing in 
(7, Sect. 31. Let f, be a minimizer for ap. Then we have the inequality 
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holding for all y E HA, and r = p. The inequality may continue to hold for 
some r smaller than p. 
Let M be the intimum of I jVy(’ fi for y E Hh subject to j y2fz = 1 and 
J yfz = 0. Let r’ be the least value of r for which the inequality is valid. 
Then either 
(1) The inequality with T = T’ is an equality for some non-constant 
function J: or 
(2) 5’ = 2/m. 
Let now p > p,,. For f, we may pick the constant function one, though 
there may be other minimizers. Such, in fact, is not the case, as we now 
show. We have the inequality 
continuing to hold when p is reduced to pO, If there were a second minimizer 
f;, then the inequality would be an equality when y is set equal to f; which 
violates our observation that p can be reduced in magnitude. Hence 
THEOREM. For p > pO, a minimizer is uniquely the constant function one. 
We now examine the inequality in case p = pO. Again we may select a 
minimizer f, = 1. In this case i is easy to see that m = I., the first positive 
eigenvalue of -A. We have again the inequality 
(_ y2 In y2 < pO I_ 1 VJ~I~ + 1’ y2 In 1. y2, 
i 
and because of the definition of p,,, the constant p,, may not be reduced in 
magnitude. Suppose pO > 2/A. Then by the result cited above, the inequality 
is an equality for some non-constant function y. It is now easy to see that 
the non-constant function y is in fact a second minimizer, which may be 
taken strictly positive. Hence, we have immediately 
THEOREM. If pO > 2/A, then in the definition 
1 I IVYI’ 
-=inf!.y21ny2-jy21njy2’ 
PO 
the infimum is an attained infimum. 
The function y giving the infimum is, of course, a non-constant solution of 
p,,Ay+ yin y2=0, for which J y*= 1. 
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It would be quite interesting to use this and the other results we have 
established to get good upper bounds on p0 depending on the geometry of a, 
which could then be used to bound the spectrum of A + V for a wide class of 
potentials I’. In this connection see [ 6, 7 1. 
There are instances in which p,, = 2/l. We have shown in [ 6 j that such is 
the case for the circle of unit length, usual metric. By the result concerning 
the behavior of a0 on product manifolds p0 = 2/A for a product of unit length 
circles. 
Our final result is a natural companion to earlier statements. Let X be a 
Killing vector field on Q, and f, a minimizer for a,(H). Suppose K = In H is 
continuously differentiable and satisfies XK = 0. 
THEOREM. Under the conditions stated just above XfO = 0 for all 
sufficiently large p. 
Put y = f,. y satisfies 
pAy+ylny*-yK+a,(H)y=O. 
Applying X, which commutes with A, and putting g = Xy, we get 
pAg+2(1 +ln y)g- gK+a,(H) g=O. 
Multiplying by g and integrating by parts, we obtain: 
Since J g = 0, J 1 Vg/* > ,4 j g*. Letting M = sup y, we get for a constant c 
which does not depend on p: 
pAj’ g2<21nMJ g*+cJ g*. 
We know f, is uniformly bounded above for all p bounded away from zero. 
Hence s g* = 0, for p sufficiently large, whence the statement of the theorem. 
It would be quite useful to prove the analogue of this result for non 
compact 8. Then we could conclude, for instance, that minimizers for a,, for 
the n-ball depended only on the distance from the center for all sufficiently 
large p. 
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